Abstract-In this paper, super-resolution imaging and negative refraction by a two-dimensional (2D) triangular lattices graded photonic crystal (GPC) were studied. The graded photonic crystal (GPC) was obtained by varying the radius in each row so that its effective refractive index changes along the transverse direction. By using Plane Wave Expansion (PWE) method and Finite-Difference Time-Domain (FDTD) method, we show that negative refraction and superlensing can be realized in the designed graded photonic crystal. Numerical simulations show that the photonic crystal structures and frequency have an impact on the resolution.
INTRODUCTION
Negative refraction of electromagnetic waves and left-handed materials (LHM) were first proposed by Veselago in 1968 [1] . But they did not attract much attention until Pendry put forward that a lossless LHM planar slab with both permittivity and permeability ε = µ = −1 can be used as a perfect lens [2] . It is well-known that the resolution of conventional imaging systems is inherently restricted by the diffraction limit, where in the spatial information of features smaller than onehalf of the wavelength is evanescent and cannot be projected to the far field. A LHM slab appears attractive in providing an effective approach to obtain a superlensing effect that can potentially overcome the diffraction limit inherent in conventional lens and allows for subwavelength imaging. In the microwave regime, metamaterials can be used to make a superlens capable of the subwavelength imaging [3] [4] [5] [6] . But at the optical region, it seems very difficult to make such metallic structures. However, in optical region, it has been shown that two-dimensional photonic crystals (2D PC) can act as effective media with a negative effective refractive index in some frequency regions if being properly designed [7] [8] [9] [10] [11] [12] [13] . Luo et al. [8] have studied all-angle negative refraction (AANR) effect in 2D PC that does not employ a negative effective index of refraction. And such an effect is essential for superlens application. To emulate the Veselago's homogeneous negative index medium, Wang et al. proposed a triangular 2D PC consisting of a periodic array of air holes embedded in a dielectric matrix with ε = 12.96 [14] . This PC structure has a fairly isotropic negative effective index of −1 and can get a non-near field image obeying geometric optics. Moreover, some PC slabs with other types of lattice providing a negative effective index of −1 were also reported [15] [16] [17] [18] . These PCs are mostly based on circular scatterers. Ref. [12] has demonstrated a PC with a refraction index very close to −1 in a structure of rectangular rods in a triangular lattice, but the refraction index has a small degree of anisotropy. Furthermore, Luo et al. [19] studied the transmission of evanescent waves through a slab of PC with AANR and indicated that the superlensing phenomenon is a result of a subtle synergic interplay between propagating waves and evanescent waves. But for a slab of PC with an effective index of −1, the correlation between the quality of the image and the excitation of PC surface mode is still not clearly understood.
In this work, the graded photonic crystal (GPC) was obtained by varying the radius of dielectric cylinders in each row so that its effective refractive index changes along the transverse direction. The plane wave expansion and the finite difference time domain techniques are applied to do a simulation with the commercial software developed by the Rsoft Design Group. Super-resolution imaging of a point source and negative refraction of a single Gaussian beam incident with different angles are respectively demonstrated by the designed two-dimensional triangular lattices graded photonic crystal. At the same time, the spatial resolution of the graded photonic crystal superlens was analyzed in detail. It is found that frequency of the light has an impact on the resolution.
ANALYSIS OF THE DESIGNED GPC
The 2D triangular lattice GPC as shown in Fig. 1(a) is obtained by varying the radius of dielectric cylinders in each row so that its effective refractive index changes along the transverse direction. Such a stricture is composed of dielectric rods in an air background. The relative permittivity of the rods is taken to be ε = 12.25 and the minimum radius of rod is r = 0.35a, where a is the lattice constant. The radii of the dielectric cylinders are identical in each row and modified from the surfaces of PC towards the center as 0.35a, 0.385a, 0.42a and 0.455a. Plane Wave Expansion (PWE) method is used to get photonic band structure and equal-frequency contours (EFCs). And the electromagnetic wave propagation is simulated by using the FiniteDifference Time-Domain (FDTD) method.
Figure 1(b) shows the transverse electric (TE) band structure for a triangular two dimensional PC with dielectric rods of radius r = 0.35a (line with square) and r = 0.455a (line with circle) in an air background, the solid line origins from Γ point corresponds to light line. The green line indicates normalized frequency ω = 0.295(2πc/a) corresponding to the effective-negative-index n eff = −1, because its equi-frequency contour is nearly circular (in Fig. 2 ). It can be clearly seen from Fig. 1(b) that the second band extending from 0.21 to 0.36(2πc/a) has a negative curvature, and the band structure of the PC is shifted to lower frequencies when the radius of the dielectric rods increases from 0.35a to 0.455a. This means that the group velocity υ g = ∇ k ω(k) is negative within this frequency range. So we focus on the second band, the frequency ω = 0.295(2πc/a), where c is the speed of light in vacuum, is the best frequency for the superlensing. And it can be obtained directly by finding the second band interaction with the light line. At this frequency the effective refractive index of the GPC is n eff = −1.
It was known that the group velocity of the transmitted electromagnetic waves can be calculated from the equal frequency contours. So the negative refraction can result from special shape EFCs of the hexagonal lattice PC [20] . Taking into account the graded photonic crystal, we choose the radius = 0.42a as supercell. Fig. 2 shows its EFCs computed over the first Brillouin zone for the second band, it can be found that the constant frequency curves, which consist of the allowed propagation modes for a specific frequency, are almost circular and their frequency decrease by increasing the radius. This means that the propagation of the waves is isotropic, and we can define an isotropic effective refractive index using Snell's law. From Figs. 1(b) and 2, it can be observed that the frequency is ω = 0.295(2πc/a) when effective refractive index is n eff = −1. It is well known that a LH medium with n = −1 perfectly matches to free space (Pendry 2000) , and therefore it should not reflects any incoming waves. Hence, the considered GPC structure can leads to an unrestricted superlensing. 
NEGATIVE REFRACTION OF THE DESIGNED GPC
To illustrate the negative refractive and unrestricted superlensing properties, the GPC slab with seven rows of dielectric circular rods in the z-direction and a large enough number of columns to eliminate the boundary effect (40 columns for the case of Gaussian beam incidence simulation in the x-direction) was considered. The simulations are However, for very large incident angle there is strong reflection at the GPC interface, which implies this GPC still cannot be seen as a perfectly negative index medium because of poor match to free space. Note that a negative refractive index only represents successfully under certain conditions the refractive properties of the photonic crystal, but one should not expect the validity of such index in Fresnel type of equations, i.e., one does not have a matched PC even with n = −1 [23] [24] [25] [26] [27] .
SUPERLENS WITH THE DESIGNED GPC
Negative refraction effect can be utilized in many applications. One such application is superlens. So the superlens can be obtained by using the above designed GPC ( Fig. 1(a) ) with effective-negative-index of n eff = −1. In case of a flat lens with n = −1, simple ray-optics predicts the source-image distance to remain constant and equal to twice the lens thickness [6] . Results for periodic PCs showing an almost isotropic refractive response (e.g., see [13] ) agree fairly well with this prediction. A continuous-wave point source with ω = 0.295(2πc/a) can be placed at any distances from the left surface of the GPC slab.
As we analyzed in Section 3, this frequency is corresponding to the case with effective refractive index of −1. The field distribution of the point source and its image are plotted in Figs. 4(a) , (b) and (c) for a point source at distances of 4a, 6.4a and 8.8a from the left surface of the GPC slab. It can be found that a visible image spot is formed at 8.8a, 6.4a and 4a from the right surface of the GPC slab with the reverse ordering for the corresponding source positions. So we can conclude that the imaging behaviors depend on the object distance and the GPC slab structure. From Fig. 4 it can be found that the imaging properties are as same as that of the isotropic homogeneous medium with refractive index n = −1. Back reflections, represented by additional nodes of intensity and deviations of the wave profiles from circles on the left (source) side of the pictures, are clearly visible in Fig. 4 . The field intensity distribution in Fig. 4 is dominated by single cylindrical waves outside the slab, with some standing wave
(c) Figure 4 . The propagation map (electric field distribution across space) for a slab of the triangular 2D-GPC (the corresponding band structure in Fig. 1(b) ), for varying source positions(the left side of the slab). The point source frequency is ω = 0.295(2πc/a). Positions of the images (the right side of the slab) follow the geometric optics analysis, in which the GPC is considered a metamedium with n = −1, and Snell's law refraction occurs at each interface.
is the distance between the source and the center of the slab.
contributions due to back reflections. It was noted by Pendry [2] that superlensing requires the amplification of evanescent waves through the photonic crystal for image formation. While these weak evanescent components do exist in our system, they are difficult to observe in Fig. 4 , as they are overwhelmed by the complex pattern of standing and propagating waves inside of the slab. Incident wave cannot be coupled completely to the PC, and the coupling coefficient is highly angular dependent on an interface between air (n = 1) and a PC with n eff = −1 [28] . This is the reason why the field on the right side of the slab is slightly weaker than the filed on the left side.
In the following, the spatial resolution of the designed GPC slab is analyzed. A continuous-wave point source with the frequency ω = 0.295(2πc/a) is placed at a distance 6.4a from the left surface of the GPC slab. Fig. 5 gives the electric field intensity distributions across the image plane for the GPC and ordinary PC, for which we choose r = 0.42a as the radius of dielectric cylinders. The solid line represents the case with the designed GPC slab and dashed line the case with ordinary triangular lattice photonic crystal. It can be found that the full width at half maximum (FWHM) of the image with the designed GPC is about ∆ = 0.45λ. This value is much better than that of a slab with ordinary triangular lattice photonic crystal in which the FWHM is about ∆ = 0.67λ. So it can be concluded that the spatial resolution of the designed GPC slab is better than that of the PC slab with ordinary triangular lattice.
In order to test the subwavelength resolution of the designed GPC slab, the imaging property of the point sources with different frequencies is also studied in this paper. The electric field intensity distributions across the image plane for different frequencies were given in Fig. 6 . It can be observed from this figure that the FWHMs of the image with the designed GPC for different frequencies ω = 0.291(2πc/a), ω = 0.295(2πc/a), ω = 0.299(2πc/a) are 0.41λ, 0.45λ and 0.50λ, respectively. So the spatial resolution of the designed GPC slab can be increased by reducing the normalized frequency at which the superlensing occurs This is accordant with Ref. [19] .
CONCLUSIONS
We designed a graded photonic crystal slab so that it can be used as a perfect lens. Numerical simulations using FDTD methods were also performed to quantitatively analyze the relation between the object and image distances. We also analyzed negative refraction of a single Gaussian beam incidence. Graded photonic crystal has the better resolution compared with the ordinary triangular lattice photonic crystal. It is found that by varying the superlensing frequency, we were able to improve the image resolution. Actually, GPC has potential for optical components and would be efficiently applied to integrated optics devices.
